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Abstract
Our article is devoted to the study of the rare B → K∗ℓ+ℓ− decay where ℓ = e, µ, τ . We compute
the relevant form factors in the framework of the covariant quark model with infrared confinement
in the full kinematical momentum transfer region. The calculated form factors are used to evaluate
branching fractions and polarization observables in the cascade decay B → K∗(→ Kπ)ℓ+ℓ−. We
compare the obtained results with available experimental data and the results from other theoretical
approaches.
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I. INTRODUCTION
The rare flavour changing neutral current (FCNC) decays are forbidden in the Standard
Model (SM) at the tree level. They proceed only via loops in the perturbation theory.
For this reason, these decays are sensitive to possible effects of new physics beyond the
SM. New heavy particles can contribute to the branching fractions and the angular decay
distributions.
It is generally believed that the decay mode B → K∗(→ Kπ)µ+µ− is one of the best
modes to search for new physics beyond the SM. The angular distribution makes possible
an independent measurement of several observables as a function of the dilepton invariant
mass. A large number of observables obtained in this manner allows for unique tests of the
SM contributions (see the recent experimental review [1]). A deviation of 3.3 σ is seen in
e.g. R(D∗) ≡ B(B− → D∗τ−ν¯τ )/B(B− → D∗ℓ−ν¯ℓ) with R(D∗)|expt = 0.321 ± 0.021 [2]
and R(D∗)|SM = 0.252 ± 0.003 [3–6]. An analogous result questioning the lepton flavour
universality exists also for B → K decays by Belle [7].
The results of a measurement of form-factor independent angular observables in the
decay B0 → K∗ 0(892)µ+µ− were presented in [8]. The analysis is based on a data sample
corresponding to an integrated luminosity of 1.0 fb−1, collected by the LHCb experiment in
pp¯ collisions at a center-of-mass energy of 7 TeV. Four observables are measured in six bins
of the dimuon invariant mass squared, q2, in the range 0.1 < q2 < 19.0 GeV2. Agreement
with the SM predictions is found for 23 of the 24 measurements. A local discrepancy,
corresponding to 3.7 standard deviations, is observed in one q2 bin for one of the observables.
The measurements were followed by a large number of publications, with many different
scenarios analyzed [9]-[46]. Several authors discuss an appropriate choice of observables
with small model dependence, which would discriminate between SM and new physics.
Other authors use various assumptions or models to evaluate form factors or study Wilson
coefficients (and related operators) in order to make theoretical predictions and, possibly,
argue whether the observed deviations do or do not favor a beyond SM explanation.
Our article is devoted to the study of the B → K∗ℓ+ℓ− decay, first, to evaluate the relevant
form factors in the framework of the covariant quark model with infrared confinement, and,
second, to demonstrate the equivalence of our helicity-based approach with approaches of
other autorhs for what concerns the model independent four-fold angular decay distribution
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and related results. Form factors are then exploited for evaluation of physical observables.
The first paper in this direction has been published in 2002, Ref. [49]. It was one of the first
paper where the full four-fold angular decay distribution has been derived for this process
in terms of helicity amplitudes including lepton mass effects. However, our model in that
time was suffering from lack the of confinement that restricted the range of applications to
the hadrons (mesons and baryons) which satisfy the so-called ”threshold inequality”: the
hadron mass should be smaller then the total mass of its constituents, i.e. the sum of the
constituent quark masses. In this vein, our model was successfully developed for the study
of light hadrons (e.g., pion, kaon, baryon octet, ∆-resonance), heavy-light hadrons (e.g., D,
Ds, B and Bs-mesons, ΛQ, ΣQ, ΞQ and ΩQ-baryons) and double heavy hadrons (e.g, J/Ψ,
Υ and Bc-mesons, ΞQQ and ΩQQ baryons). To extend our approach to other hadrons we
had to introduce extra model parameters or do some approximations, like, e.g., to introduce
a cutoff parameter for external hadron momenta to guarantee the fulfilment of the above
mentioned ”threshold inequality”. Therefore, at that stage we were unable to apply our
approach to the study of rare decays involving K∗ mesons. The numerical results for the
physical observables were presented in [49] only for decays B → Kℓ+ℓ−, Bc → Dℓ+ℓ− and
Bc → D∗(→ Dπ)ℓ+ℓ−.
Our relativistic constituent quark model has been refined in 2009, see Ref. [50], where
the confinement of quarks was implemented. It was done, first, by introducing the scale
integration in the space of α-parameters, and, second, by cutting this scale integration on
the upper limit which corresponds to an infrared cutoff. In this manner one removes all
possible thresholds present in the initial quark diagram. The cutoff parameter is taken to
be the same for all physical processes. Other model parameters were adjusted by fitting the
calculated quantities of the basic physical processes to available experimental data. As an
application, the electromagnetic form factors of the pion and the transition form factors of
the omega and eta Dalitz decays have been calculated.
New values for the parameters of the covariant constituent quark model with built–in
infrared confinement have been determined in [51] by a fit to the leptonic decay constants
and a number of electromagnetic decays. Then the form factors of the B(Bs) → P (V )
transitions were evaluated in the full kinematical region of momentum transfer squared in a
parameter free way.
The model was than applied to a wide range of nonleptonic and semileptonic meson de-
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cays, e.g. [52, 53] and it was extended also to the baryon sector [54–58]. Different observables
related to (nucleons and) heavy Λ baryons were calculated in [54–56, 58]. Furthermore, the
consequences of treating the X(3872) meson as a tetraquark bound state were explored in
Refs. [59, 60]. Some of the above research was collected in the review [61].
Our paper is organized as follows. In Sec. II we review salient features of the covariant
quark model. In Sec. III we present the calculated form factors in the full kinematical mo-
mentum transfer region. In Sec. IV we discuss the effective Hamiltonian, matrix elements,
invariant and helicity form factors. Sec. V is devoted to the four-fold angular decay distri-
bution in the cascade decay B → K∗(→ Kπ)ℓ¯ℓ and, in particular, to the relation of our
helicity formalism with an approach based on the transversality amplitudes which is widely
used by both experimentalists and theorists. In Sec. VI we present our numerical results
on the branching fractions, forward-backward asymmetry, longitudinal polarization and a
set of the so-called “clean” observables Pi which depend on the hadron uncertainties (form
factors) in a minimal way. Finally, in Sec. VII we summarize our results.
II. THEORETICAL FRAMEWORK
The covariant confined quark model developed in [49, 50, 62, 63] has been applied to a
large number of elementary particle processes. This model can be viewed as an effective
quantum field approach to hadronic interactions based on an interaction Lagrangian of
hadrons interacting with their constituent quarks. The coupling strength is determined
by the compositeness condition ZH = 0 where ZH is the wave function renormalization
constant of the hadron. The hadron field renormalization constant ZH characterizes the
overlap between the bare hadron field and the bound state formed from the constituents.
Once this constant is set to zero, the dynamics of hadron interactions is fully described by
constituent quarks in quark loop diagrams with local constituent quark propagators. Matrix
elements are generated by a set of quark loop diagrams according to the 1/Nc expansion.
The ultraviolet divergences of the quark loops are regularized by including vertex functions
for the hadron-quark vertices which, in addition, describe finite size effects due to the non-
pointlike structure of hadrons. Quark confinement was implemented into the model [50]
by introducing an infrared cutoff on the upper limit of the scale integration to avoid the
appearance of singularities in any matrix element. The infrared cutoff parameter λ is taken
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to have a common value for all processes. The covariant confined quark model contains only
a few model parameters: the light and heavy constituent quark masses, the size parameters
that describe the size of the distribution of the constituent quarks inside the hadron and the
infrared cutoff parameter λ. They are determined by a fit to available experimental data.
A. Effective Lagrangian
The coupling of a meson M(q1q¯2) to its constituent quarks q1 and q¯2 is described by the
Lagrangian
Lint(x) = gMM(x)
∫
dx1
∫
dx2FM(x, x1, x2)q¯2(x2)ΓMq1(x1) + h.c. (1)
Here, ΓM is a Dirac matrix which projects onto the spin quantum number of the meson field
M(x). The function FM is related to the scalar part of the Bethe-Salpeter amplitude and
characterizes the finite size of the meson. To satisfy translational invariance the function
FH has to fulfill the identity FM (x+ a, x1 + a, x2 + a) = FM(x, x1, x2) for any four-vector a.
In the following we use a specific form for the scalar vertex function
FM(x, x1, x2) = δ(x− w1x1 − w2x2)ΦM((x1 − x2)2), (2)
where ΦM is the correlation function of the two constituent quarks with masses mq1 , mq2
and the mass ratios wi = mqi/(mq1 +mq2).
We choose a simple Gaussian form of the vertex function Φ¯M(− k2). The minus sign in
the argument of this function is chosen to emphasize that we are working in the Minkowski
space. One has
Φ¯M(− k2) = exp
(
k2/Λ2M
)
, (3)
where the parameter ΛM characterizes the size of the meson. Since k
2 turns into − k2E in the
Euclidean space, the form (3) has the appropriate fall-off behavior in the Euclidean region.
We emphasize that any choice for ΦM is appropriate as long as it falls off sufficiently fast in
the ultraviolet region of the Euclidean space to render the corresponding Feynman diagrams
ultraviolet finite. We choose a Gaussian form for ΦM for calculational convenience.
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B. Compositeness condition
The coupling constant gM in Eq. (1) is determined by the so-called compositeness condi-
tion suggested by Weinberg [64] and Salam [65] (for a review, see Ref. [66]) and extensively
used in our studies (for details, see Ref. [63]). The compositeness condition requires that
the renormalization constant ZM of the elementary meson field M(x) is set to zero, i.e.,
ZM = 1− 3g
2
M
4π2
Π¯′M(m
2
M) = 0, (4)
where Π¯′H is the derivative of the meson mass operator. To clarify the physical meaning
of the compositeness condition in Eq. (4), we first want to remind the reader that the
renormalization constant Z
1/2
M can be also interpreted as the matrix element between the
physical and the corresponding bare state. The condition ZM = 0 implies that the physical
state does not contain the bare state and is appropriately described as a bound state. The
interaction Lagrangian of Eq. (1) and the corresponding free parts of the Lagrangian describe
both the constituents (quarks) and the physical particles (hadrons) which are viewed as the
bound states of the quarks. As a result of the interaction, the physical particle is dressed,
i.e. its mass and wave function have to be renormalized. The condition ZM = 0 also
effectively excludes the constituent degrees of freedom from the space of physical states.
It thereby guarantees that there is no double counting for the physical observable under
consideration. The constituents exist only in virtual states. One of the corollaries of the
compositeness condition is the absence of a direct interaction of the dressed charged particle
with the electromagnetic field. Taking into account both the tree-level diagram and the
diagrams with the self-energy insertions into the external legs (i.e. the tree-level diagram
times ZM − 1) yields a common factor ZM which is equal to zero.
The diagram describing the meson mass function is shown in Fig. (1). The derivative of
the mass function is calculated using the identity
d
dp2
=
1
2p2
pµ
d
dpµ
. (5)
In the case of the pseudoscalar and vector mesons the derivatives of the meson mass operator
appearing in Eq. (4) are written as
6
p p
M M
q¯1
q2
FIG. 1: Diagram describing the meson mass function.
Π˜′P (p
2) =
1
2p2
pα
d
dpα
∫
d4k
4π2i
Φ˜2P (−k2) tr
[
γ5S1(k + w1p)γ
5S2(k − w2p)
]
(6)
=
1
2p2
∫
d4k
4π2i
Φ˜2P (−k2)
{
w1 tr
[
γ5S1(k + w1p) 6p S1(k + w1p)γ5S2(k − w2p)
]
− w2 tr
[
γ5S1(k + w1p)γ
5S2(k − w2p) 6p S2(k − w2p)
]}
,
Π˜′V (p
2) =
1
3
(
gµν − pµpν
p2
)
× 1
2p2
pα
d
dpα
∫
d4k
4π2i
Φ˜2V (−k2) tr
[
γµS1(k + w1p)γ
νS2(k − w2p)
]
(7)
=
1
3
(
gµν − pµpν
p2
)
× 1
2p2
∫
d4k
4π2i
Φ˜2V (−k2)
{
w1 tr
[
γµS1(k + w1p) 6p S1(k + w1p)γνS2(k − w2p)
]
− w2 tr
[
γµS1(k + w1p)γ
νS2(k − w2p) 6p S2(k − w2p)
]}
,
where Φ˜H(−k2) is the Fourier-transform of the vertex function defined by Eq. (3). We use
free fermion propagators for the quarks given by
Si(k) =
1
mqi− 6k
(8)
with an effective constituent quark mass mqi.
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C. Infrared confinement
In the paper [50] we have included the confinement of quarks to our model. It was done,
first, by introducing the scale integration in the space of α-parameters, and, second, by
cutting this scale integration on the upper limit which corresponds to an infrared cutoff.
In this manner one removes all possible thresholds present in the initial quark diagram.
The cutoff parameter is taken to be the same for all physical processes. We have adjusted
other model parameters by fitting the calculated quantities of the basic physical processes to
available experimental data. In the papers [59, 60] we have applied the developed approach
to the 4-body system - tetraquark X(3872).
Let us give the basic features of the infrared confinement in our model. All physical matrix
elements are described by the Feynman diagrams which are the convolution of the free quark
propagators and vertex functions. Let n, ℓ and m be the number of the propagators, loops
and vertices, respectively. In the Minkowski space the ℓ-loop diagram will be represented as
Π(p1, ..., pm) =
∫
[d4k]ℓ
m∏
i1=1
Φi1+n
(−K2i1+n) n∏
i3=1
Si3(k˜i3 + vi3),
K2i1+n =
∑
i2
(k˜
(i2)
i1+n
+ v
(i2)
i1+n
)2, (9)
where the vectors k˜i are linear combinations of the loop momenta ki. The vi are linear
combinations of the external momenta pi to be specified in what follows. The strings of
Dirac matrices appearing in the calculation need not concern us since they do not depend
on the momenta. The external momenta pi are all chosen to be ingoing such that one has
m∑
i=1
pi = 0. All calculations proceed in the Euclidean region both for the loop momenta ki
and the external momenta pi so that k
2
i ≤ 0, p2i ≤ 0.
Using the Schwinger representation of the local quark propagator one has
S(k) = (m+ 6k)
∞∫
0
dα e−α (m
2−k2) . (10)
For the vertex functions one takes the Gaussian form
Φi+n
(−K2) = exp [αi+nK2] i = 1, ..., m , (11)
where the parameters αi+n = si = 1/Λ
2
i are related to the size parameters. The integrand
in Eq. (9) has a Gaussian form with the exponential kak + 2kr +R where a is ℓ× ℓ matrix
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depending on the parameter αi, r is the ℓ-vector composed from the external momenta, and
R is a quadratic form of the external momenta. Tensor loop integrals are calculated with
the help of the differential representation
kµi e
2kr =
1
2
∂
∂ri µ
e2kr. (12)
This allows to use the operator identity∫
d4k P (k) e2kr =
∫
d4k P
(
1
2
∂
∂r
)
e2kr = P
(
1
2
∂
∂r
)∫
d4k e2kr (13)
which is written for one loop integration. The second identity then reads
∞∫
0
dnα P
(
1
2
∂
∂r
)
e−r
2/a =
∞∫
0
dnα e−r
2/aP
(
1
2
∂
∂r
− r
a
)
, (14)
where r = r (αi) and a = a(ΛM, αi). It simplifies the computation following the trace evalu-
ation: the polynomial in the derivative operator which results from the trace can be applied
to an identity, instead being applied to a more complicated exponential function.
We have written a FORM [67] program that performs the necessary commutations of the
differential operators in a very efficient way. After doing the loop integrations one obtains
Π =
∞∫
0
dnαF (α1, . . . , αn) , (15)
where F stands for the whole structure of a given diagram. The region over which the set
of Schwinger parameters αi is integrated can be turned into a simplex by introducing an
additional t–integration via the identity
1 =
∞∫
0
dt δ(t−
n∑
i=1
αi) (16)
leading to
Π =
∞∫
0
dttn−1
1∫
0
dnα δ
(
1−
n∑
i=1
αi
)
F (tα1, . . . , tαn). (17)
There are altogether n numerical integrations: (n − 1) α–parameter integrations and the
integration over the scale parameter t. The very large t-region corresponds to the region
where the singularities of the diagram with its local quark propagators start appearing.
However, as described in [50], if one introduces an infrared cutoff on the upper limit of the
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t-integration, all singularities vanish because the integral is now convergent for any value of
the set of kinematic variables. We cut off the upper integration at 1/λ2 and obtain
Πc =
1/λ2∫
0
dttn−1
1∫
0
dnα δ
(
1−
n∑
i=1
αi
)
F (tα1, . . . , tαn). (18)
By introducing the infrared cutoff one has removed all potential thresholds in the quark loop
diagram, i.e. the quarks are never on-shell and are thus effectively confined. Similar ideas
have also been pursued in Refs. [68] where an infrared cutoff had been introduced in the
context of a Nambu-Jona-Lasinio model by employing a proper time regularization. Such
approach found some applications, in particular, for spectroscopy of charmonia [69]. Since
the contact interaction has been employed one has to introduce also the ultraviolet cut-off.
The values of both infrared and ultraviolet cut-off parameters are supposed to be different
for different hadrons.
We take the infrared cutoff parameter λ to be the same in all physical processes. It may
be understood from a proper time regularization of the generating functional describing the
NJL model where a proper time is general for all matrix elements. Our “t”-integration
parameter is analogous of a proper time and, hence, should not depend on the hadron
characteristics of the certain process. It is important that we use nonlocal interactions of
hadrons with their constituents. The relevant vertex functions characterize the properties
of the hadron in such a way that the size parameters appearing in Eq. (3) are different for
different hadrons. Their values are determined by fitting the calculated observables to the
experimental data.
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III. B −K∗ FORM FACTORS IN THE COVARIANT QUARK MODEL
Herein our primary subject is the matrix element which is described by the Feynman
diagram shown in Fig. 2. It can be expressed via dimensionless form factors:
〈V (p2, ǫ2)[q¯1q3] | q¯2O µ q1 |P[q¯3q2](p1)〉 =
= Nc gP gV
∫
d4k
(2π)4i
Φ˜P
(
− (k + w13p1)2
)
Φ˜V
(
− (k + w23p2)2
)
× tr
[
O µ S1(k + p1) γ
5 S3(k) 6ǫ †2 S2(k + p2)
]
=
ǫ †ν
m1 +m2
(
− gµν P · q A0(q2) + P µ P ν A+(q2) + q µ P ν A−(q2)
+i εµναβ Pα qβ V (q
2)
)
, (19)
〈V (p2, ǫ2)[q¯1q3] | q¯2 (σ µνqν(1 + γ5)) q1 |P[q¯3q2](p1)〉 =
= Nc gP gV
∫
d4k
(2π)4i
Φ˜P
(
− (k + w13p1)2
)
Φ˜V
(
− (k + w23p2)2
)
× tr
[
(σ µνqν(1 + γ
5))S1(k + p1) γ
5 S3(k) 6ǫ †2 S2(k + p2)
]
= ǫ †ν
(
− (gµν − q µq ν/q2)P · q a0(q2) + (P µ P ν − q µ P ν P · q/q2) a+(q2)
+i εµναβ Pα qβ g(q
2)
)
. (20)
Here, P = p1 + p2, q = p1 − p2, ǫ†2 · p2 = 0, p2i = m2i . Since there are three sorts of
quarks involved in these processes, we introduce the notation with two subscripts wij =
mqj/(mqi +mqj) (i, j = 1, 2, 3) so that wij + wji = 1. The form factors defined in Eq. (20)
satisfy the physical requirement a0(0) = a+(0), which ensures that no kinematic singularity
appears in the matrix element at q2 = 0 GeV.
We will use the latest fit done in Ref. [70]. The fitted values of the constituent quark
masses mq, the infrared cutoff λ, and the size parameters ΛH are given by Eq. (21) and
Table I.
mu/d ms mc mb λ
0.241 0.428 1.67 5.05 0.181 GeV
(21)
Our form factors are represented as three-fold integrals which are calculated by using NAG
routines. They are shown in Figs. 3, 4 and 5. The results of our numerical calculations are
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k + p1 k + p2
k
q1 q2
q¯3 q¯3
B(p1) K(∗)(p2)
Jµ = γµ(1− γ5), iσµνqν(1 + γ
5)
ΦB(− (k + w13 p1)
2) ΦK(∗)(− (k + w23 p2)
2)
FIG. 2: Diagrammatic representation of the matrix elements describing B → K∗ transitions.
TABLE I: The fitted values of the size parameters ΛM in GeV.
π K D Ds B Bs Bc ηc ηb
0.87 1.02 1.71 1.81 1.96 2.05 2.50 2.06 2.95
ρ ω φ J/ψ K∗ D∗ D∗s B∗ B∗s Υ
0.61 0.50 0.91 1.93 0.75 1.51 1.71 1.76 1.71 2.96
well approximated by the parametrization
F (q2) =
F (0)
1− as + bs2 , s =
q2
m21
. (22)
The values of F (0), a, and b are listed in Table II. One can compare the obtained values
of form factors at maximum recoil q2 = 0 with those obtained in other approaches, see, for
example, Table IV in [39] and references therein.
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TABLE II: Parameters for the approximated form factors in Eqs. (22) of the B → K∗ transitions.
A0 A+ A− V a0 a+ g
F (0) 0.459 0.310 −0.335 0.354 0.326 0.323 0.323
a 0.439 1.252 1.306 1.345 0.457 1.249 1.350
b −0.311 0.270 0.316 0.343 −0.290 0.268 0.349
0 5 10 15 20
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-0.5
0.0
0.5
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1.5
q 2 HGeV2 L
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FT
FIG. 3: The q2-dependence of the B −K transition form factors.
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V
FIG. 4: The q2-dependence of the B −K∗ transition V,A form factors.
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g
FIG. 5: The q2-dependence of the B −K∗ transition T form factors.
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IV. EFFECTIVE HAMILTONIAN, INVARIANT AMPLITUDES AND DECAY
DISTRIBUTIONS
The rare exclusive decays are described by the effective Hamiltonian obtained from the
SM-diagrams using the operator product expansion and renormalization group techniques.
It allows one to separate the short-distance contributions and isolate them in the Wilson co-
efficients which can be studied systematically within perturbative QCD. The long-distance
contributions are contained in the matrix elements of local operators. Contrary to the
short-distance contributions the calculation of such matrix elements requires nonperturba-
tive methods and is therefore model dependent.
The rare decay b→ s(d)ℓ+ℓ− can be described in terms of the effective Hamiltonian [71]:
Heff = −4GF√
2
λt
10∑
i=1
Ci(µ)Oi(µ), (23)
where Ci(µ) and Oi(µ) are the Wilson coefficients and local operators, respectively. λt ≡
|V ∗tsVtb| is the product of CKM matrix elements. The standard set [71] of local operators for
b→ sl+l− transition is written as
O1 = (s¯a1γµPLca2)(c¯a2γµPLba1), O2 = (s¯γµPLc)(c¯γµPLb),
O3 = (s¯γµPLb)
∑
q(q¯γµPLq), O4 = (s¯a1γµPLba2)
∑
q(q¯a2γµPLqa1),
O5 = (s¯γµPRb)V−A
∑
q(q¯γµPRq), O6 = (s¯a1γµPRba2)
∑
q(q¯a2γµPRqa1),
O7 = e16π2 m¯b (s¯σµνPRb)Fµν , O8 = g16π2 m¯b (s¯a1σµνPRTa1a2ba2)Gµν ,
O9 = e216π2 (s¯γµPLb)(ℓ¯γµℓ), O10 = e
2
16π2
(s¯γµPLb)(ℓ¯γµγ5ℓ),
(24)
where Gµν and Fµν are the gluon and photon field strengths, respectively; Ta1a2 are the
generators of the SU(3) color group; a1 and a2 denote color indices (they are omitted in
the color-singlet currents). The chirality projection operators are PL,R = (1 ∓ γ5)/2 and
µ is a renormalization scale. O1,2 are current-current operators, O3−6 are QCD penguin
operators, O7,8 are ”magnetic penguin” operators, and O9,10 are semileptonic electroweak
penguin operators.
By using the effective Hamiltonian defined by Eq. (23) one can write the matrix element
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of the exclusive transition B → K∗ℓ+ℓ− as
M = GF√
2
· αλt
π
·
{
Ceff9 < K
∗ | s¯ γµ PL b |B >
(
ℓ¯γµℓ
)
− 2m¯b
q2
Ceff7 < K
∗ | s¯ iσµνqν PR b |B >
(
ℓ¯γµℓ
)
+ C10 < K
∗ | s¯ γµPL b |B >
(
ℓ¯γµγ5ℓ
)}
, (25)
where Ceff7 = C7−C5/3−C6. One has to note that matrix element in Eq.(25) contains both
a free quark decay amplitude coming from the operators O7, O9 and O10 (gluon magnetic
penquin O8 does not contribute) and, in addition, certain long-distance effects from the
matrix elements of four-quark operators Oi (i = 1, . . . , 6) which usually are absorbed into a
redefinition of the short-distance Wilson-coefficients. The Wilson coefficient Ceff9 effectively
takes into account, first, the contributions from the four-quark operators Oi (i = 1, ..., 6)
and, second, the nonperturbative effects coming from the cc¯-resonance contributions which
are as usual parametrized by the Breit-Wigner ansatz [72]:
Ceff9 = C9 + C0
h(mˆc, s) + 3πα2 κ ∑
Vi=ψ(1s),ψ(2s)
Γ(Vi → l+l−)mVi
mVi
2 − q2 − imViΓVi

− 1
2
h(1, s) (4C3 + 4C4 + 3C5 + C6)
− 1
2
h(0, s) (C3 + 3C4) +
2
9
(3C3 + C4 + 3C5 + C6) , (26)
where C0 ≡ 3C1 + C2 + 3C3 + C4 + 3C5 + C6. Here the charm-loop function is written as
h(mˆc, s) = −8
9
ln
m¯b
µ
− 8
9
ln mˆc +
8
27
+
4
9
x
− 2
9
(2 + x)|1− x|1/2

(
ln
∣∣∣√1−x+1√1−x−1∣∣∣− iπ) , for x ≡ 4mˆ2cs < 1,
2 arctan 1√
x−1 , for x ≡ 4mˆ
2
c
s
> 1,
h(0, s) =
8
27
− 8
9
ln
m¯b
µ
− 4
9
ln s+
4
9
iπ,
where mˆc = m¯c/mB, s = q
2/m2B and κ = 1/C0. In what follows we drop the charm resonance
contributions by putting κ = 0. We denote the QCD quark masses by the bar symbol to
distinguish them from the constituent quark masses used in the model, see Eq. (8). We will
use the value of µ = m¯b pole for the renormalization scale. The numerical values for the model-
independent input parameters and the corresponding values of the Wilson coefficients are
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given in Table IV. Besides the charm-loop perturbative contribution, two loop contributions
have been calculated in [47]. A global analysis of b→ sℓℓ anomalies has been performed in
Ref. [48] with the NNLL corrections included. It was shown that they amount up to 15%.
The discussion of the non-local cc¯ contributions maybe also found in Ref. [43].
We specify our choice of the momenta for the reaction B(p1)→ Hout(p2)+ℓ+(k1)+ℓ−(k2)
as p1 = p2 + k1 + k2 with p
2
1 = m
2
1, p
2
2 = m
2
2 and k
2
1 = k
2
2 = m
2
ℓ where k1 and k2 are the
l+ and l− momenta, and m1, m2, mℓ are the masses of the initial B meson, final meson
Hout = K,K
∗ and lepton, respectively.
The matrix element in Eq (25) can now be written
M = GF√
2
· αλt
2π
{
T µ1 (ℓ¯γµℓ) + T
µ
2 (ℓ¯γµγ5ℓ)
}
, (27)
where the quantities T µi are expressed through the form factors and the Wilson coefficients
in the following manner:
T µi = T
µν
i ǫ
†
2ν , (i = 1, 2) , (28)
T µνi =
1
m1 +m2
{
−Pq gµν A(i)0 + P µP ν A(i)+ + qµP ν A(i)− + iεµναβPαqβ V (i)
}
,
V (1) = Ceff9 V + C
eff
7 g
2m¯b(m1 +m2)
q2
,
A
(1)
0 = C
eff
9 A0 + C
eff
7 a0
2m¯b(m1 +m2)
q2
,
A
(1)
+ = C
eff
9 A+ + C
eff
7 a+
2m¯b(m1 +m2)
q2
,
A
(1)
− = C
eff
9 A− + C
eff
7 (a0 − a+)
2m¯b(m1 +m2)
q2
Pq
q2
,
V (2) = C10 V, A
(2)
0 = C10A0, A
(2)
± = C10A±. (29)
Let us consider the decay distribution differential in the momentum transfer squared q2
and in the polar angle. The latter is defined as the angle between ~q = ~p1 − ~p2 and ~k1 (ℓ+ℓ−
rest frame) as shown in Fig. 6. By using the notation from Ref. [49] and correcting some
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obvious typos, one has
d2Γ
dq2d cos θ
=
|p2| βℓ
(2π)3 4m21
· 1
8
∑
pol
|M |2 = G
2
F
(2π)3
(
α|λt|
2 π
)2 |p2| βℓ
8m21
(30)
× 1
8
{
Hµν11 · tr[γµ ( 6k1 −mℓ) γν ( 6k2 +mℓ)]
+ Hµν22 · tr[γµγ5 ( 6k1 −mℓ) γνγ5 ( 6k2 +mℓ)]
− Hµν12 · tr[γµ ( 6k1 −mℓ) γνγ5 ( 6k2 +mℓ)]
− Hµν21 · tr[γµγ5 ( 6k1 −mℓ) γν ( 6k2 +mℓ)]
}
=
G2F
(2π)3
(
α|λt|
2 π
)2 |p2| βℓ
8m21
· 1
2
{
L(1)µν · (Hµν11 +Hµν22 )
− 1
2
L(2)µν · (q2Hµν11 + (q2 − 4m2ℓ)Hµν22 ) + L(3)µν · (Hµν12 +Hµν21 )
}
,
where |p2| = λ1/2(m21, m22, q2)/2m1 is the momentum of the K∗-meson given in the B-rest
frame and βℓ =
√
1− 4m2ℓ/q2. We have introduced lepton and hadron tensors as
L(1)µν = k1µk2ν + k2µk1ν , L
(2)
µν = gµν , L
(3)
µν = iεµναβk
α
1 k
β
2 , (31)
Hµνij = T
µ
i T
†ν
j . (32)
We use the following convention for the γ5-matrix and the Levy-Civita tensor in Minkowski
space:
γ0 =
 I 0
0 −I
 , γk =
 0 σk
−σk 0
 , γ5 = γ5 = i γ0γ1γ2γ3 =
 0 I
I 0
 , (33)
tr
(
γ5γ
µγνγαγβ
)
= 4 i εµναβ , tr (γ5γµγνγαγβ) = 4 i εµναβ , ε0123 = −ε0123 = +1.
The Lorentz contractions in Eq. (30) can be evaluated in terms of helicity amplitudes as
described in [22, 49]. First, we define an orthonormal and complete helicity basis ǫµ(m) with
the three spin 1 components orthogonal to the momentum transfer qµ, i.e. ǫµ(m)qµ = 0 for
m = ±, 0, and the spin 0 (time)-componentm = t with ǫµ(t) = qµ/√q2. The orthonormality
and completeness properties read
ǫ†µ(m)ǫ
µ(n) = gmn , (m,n = t,±, 0), orthonormality ,
ǫµ(m)ǫ
†
ν(n)gmn = gµν , completeness, (34)
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FIG. 6: Definition of the angles θ, θ∗ and χ in the cascade decay B → K∗(→ Kπ)ℓ¯ℓ.
with gmn = diag (+ , − , − , − ). We include the time component polarization vector ǫµ(t)
in the set because we want to discuss lepton mass effects.
Using the completeness property one can rewrite the contraction of the lepton and hadron
tensors in Eq. (30) as follows
L(k)µνH ijµν = L
(k)
µ′ν′ǫ
µ′(m)ǫ†µ(m′)gmm′ǫ
†ν′(n)ǫν(n′)gnn′H
ij
µν
= L(k)mngmm′gnn′H
ij
m′n′, (35)
where we have introduced the lepton and hadron tensors in the space of the helicity com-
ponents
L(k)mn = ǫ
µ(m)ǫ†ν(n)L(k)µν , H
ij
mn = ǫ
†µ(m)ǫν(n)H ijµν . (36)
The two tensors can be evaluated in two different Lorentz systems. The lepton tensors L
(k)
mn
will be evaluated in the ℓ¯ℓ-CM system whereas the hadron tensors H ijmn will be evaluated in
the B rest system.
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In the B rest frame the momenta and polarization vectors can be written as
pµ1 = (m1 , 0, 0, 0 ), ǫ
µ(t) =
1√
q2
( q0 , 0 , 0 , |p2| ),
pµ2 = (E2 , 0 , 0 , −|p2| ), ǫµ(±) =
1√
2
( 0 , ∓1 , −i , 0 ),
qµ = ( q0 , 0 , 0 , +|p2| ), ǫµ(0) = 1√
q2
( |p2| , 0 , 0 , q0 ),
where E2 = (m
2
1 +m
2
2 − q2)/2m1 and q0 = (m21 −m22 + q2)/2m1. Using this basis one can
express the components of the hadronic tensors through the invariant form factors defined
in Eqs. (19) and (20). One has
H ijmn = ǫ
†µ(m)ǫν(n)H ijµν = ǫ
†µ(m)ǫν(n)T iµα
(
−gαβ + p
α
2 p
β
2
m22
)
T †jβν
= ǫ†µ(m)ǫν(n)T iµαǫ
†α
2 (r)ǫ
β
2 (s)δrsT
†j
βν
= ǫ†µ(m)ǫ†α2 (r)T
i
µα ·
(
ǫ†ν(n)ǫ†β2 (s)T
j
νβ
)†
δrs ≡ H imH† jn . (37)
From angular momentum conservation one has r = m and s = n for m,n = ±, 0 and r, s = 0
for m,n = t. The helicity components ǫ2(m) (m = ±, 0) of the polarization vector of the
K∗ read
ǫµ2 (±) =
1√
2
(0 , ±1 , −i , 0 ) , ǫµ2 (0) =
1
m2
(|p2| , 0 , 0 , −E2 ) . (38)
Then one obtains the non-zero components of the hadron tensors
H it0 = ǫ
†µ(t)ǫ†α2 (0)T
i
µα =
1
m1 +m2
m1 |p2|
m2
√
q2
(
Pq (−Ai0 + Ai+) + q2Ai−
)
,
H i±1±1 = ǫ
†µ(±)ǫ†α2 (±)T iµα =
1
m1 +m2
(−Pq Ai0 ± 2m1 |p2| V i) ,
H i00 = ǫ
†µ(0)ǫ†α2 (0)T
i
µα =
=
1
m1 +m2
1
2m2
√
q2
(−Pq (m21 −m22 − q2)Ai0 + 4m21 |p2|2Ai+) . (39)
The lepton tensors L
(k)
mn are evaluated in the ℓ¯ℓ-CM system ~k1 + ~k2 = 0.
qµ = (
√
q2 , 0 , 0 , 0 ) , kµ1 = (E1 , +|k1| sin θ , 0 , +|k1| cos θ ) ,
kµ2 = (E1 , −|k1| sin θ , 0 , −|k1| cos θ ) ,
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with E1 =
√
q2/2 and |k1| =
√
q2 − 4m2ℓ/2. The longitudinal and time component of
polarization vectors in the ℓ¯ℓ rest frame are given by
ǫ(t) = (1, 0, 0, 0), ǫµ(±) = 1√
2
(0,∓1,−i, 0), ǫµ(0) = (0, 0, 0, 1).
The differential (q2, cos θ) distribution finally reads
dΓ(B → K∗ℓ¯ℓ)
dq2d cos θ
=
G2F
(2π)3
(
α|λt|
2π
)2 |p2| q2 βℓ
32m21
×
{
(1 + cos2 θ) · 1
2
(H11U +H22U )+ sin2 θ (H11L +H22L )− 2 βℓ cos θ · H12P
+ δℓℓ
[
sin2 θ · H11U − (1 + cos2 θ) · H22U
+2 cos2 θ · H11L − 2 sin2 θ · H22L + 2H22S
] }
, (40)
where the helicity flip suppression factor δℓℓ is given by
δℓℓ =
2m2ℓ
q2
.
After integrating over cos θ one obtains
dΓ(B → K∗ℓ¯ℓ)
dq2
=
G2F
(2π)3
(
α|λt|
2π
)2 |p2| q2 βℓ
12m21
Htot ,
Htot = 1
2
(H11U +H22U +H11L +H22L )+ δℓℓ [ 12H11U −H22U + 12H11L −H22L + 32 H22S
]
. (41)
The relevant bilinear combinations of the helicity amplitudes are defined in Table III. Note
that we drop a factor of “3” in the notation of HS and HIS compared with our paper [49].
V. FOUR-FOLD DISTRIBUTION IN CASCADE DECAY B → K∗(→ Kπ)ℓ¯ℓ
The lepton-hadron correlation function LµνH
µν reveals even more structure when one
uses the cascade decay B → K∗(→ Kπ)ℓ¯ℓ to analyze the polarization of the K∗. The
hadron tensor now reads [49]
H ijµν = T
i
µα(T
j
νβ)
† 3
2 |p3|Br(K
∗ → Kπ)p3α′p3β′Sαα′(p2)Sββ′(p2), (42)
where Sαα
′
(p2) = −gαα′ + pα2 pα′2 /m22 is the standard spin 1 tensor, p2 = p3 + p4, p23 = m2K ,
p24 = m
2
π, and p3 and p4 are the momenta of the K and the π, respectively. The relative
configuration of the (K, π)- and (ℓ¯ℓ)-planes is shown in Fig. 6. The branching ratio Br(K∗ →
Kπ) ≈ 1 so we drop it off in what follows.
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In the rest frame of the K∗ one has
pµ2 = (m2,~0),
pµ3 = (E3,+|p3| sin θ∗, 0,−|p3| cos θ∗),
pµ4 = (E4,−|p3| sin θ∗, 0,+|p3| cos θ∗), (43)
where |p3| = λ1/2(m22, m23, m24)/(2m2). According to Eq. (38) the rest frame polarization
vectors of the K∗ are given by
ǫµ2 (±) =
1√
2
( 0 , ±1 , −i , 0 ) , ǫµ2 (0) = ( 0 , 0 , 0 , −1) . (44)
The spin 1 tensor Sαα
′
(p2) is then written as
Sαα
′
(p2) = −gαα′ + p
α
2p
α′
2
m22
=
∑
m=±,0
ǫα2 (m)ǫ
†α′
2 (m) . (45)
TABLE III: Definition of helicity structure functions and their parity properties.
parity-conserving (p.c.) parity-violating (p.v.)
HijU = Re
(
H i+1+1H
† j
+1+1
)
+Re
(
H i−1−1H
† j
−1−1
)
HijP = Re
(
H i+1+1H
† j
+1+1
)
− Re
(
H i−1−1H
† j
−1−1
)
HijIU = Im
(
H i+1+1H
† j
+1+1
)
+ Im
(
H i−1−1H
† j
−1−1
)
HijIP = Im
(
H i+1+1H
† j
+1+1
)
− Im
(
H i−1−1H
† j
−1−1
)
HijL = Re
(
H i00H
† j
00
)
HijA = 12
[
Re
(
H i+1+1H
† j
00
)
− Re
(
H i−1−1H
† j
00
) ]
HijIL = Im
(
H i00H
† j
00
)
HijIA = 12
[
Im
(
H i+1+1H
† j
00
)
− Im
(
H i−1−1H
† j
00
) ]
HijT = Re
(
H i+1+1H
† j
−1−1
)
HijSA = 12
[
Re
(
H i+1+1H
† j
0 t
)
− Re
(
H i−1−1H
† j
0 t
) ]
HijIT = Im
(
H i+1+1H
† j
−1−1
)
HijISA = 12
[
Im
(
H i+1+1H
† j
0 t
)
− Im
(
H i−1−1H
† j
0 t
) ]
HijI = 12
[
Re
(
H i+1+1H
† j
0 0
)
+Re
(
H i−1−1H
† j
0 0
) ]
HijII = 12
[
Im
(
H i+1+1H
† j
0 0
)
+ Im
(
H i−1−1H
† j
0 0
) ]
HijS = Re
(
H i0tH
† j
0t
)
HijIS = Im
(
H i0tH
† j
0t
)
HijST = 12
[
Re
(
H i+1+1H
† j
0 t
)
+Re
(
H i−1−1H
† j
0 t
) ]
HijIST = 12
[
Im
(
H i+1+1H
† j
0 t
)
+ Im
(
H i−1−1H
† j
0 t
) ]
HijSL = Re
(
H i0 0H
† j
0 t
)
HijISL = Im
(
H i0 0H
† j
0 t
)
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Following basically the same trick as in Eq. (35) the contraction of the lepton and hadron
tensors may be written through helicity components. Finally, one obtains the full four-fold
angular decay distribution
dΓ(B → K∗(→ Kπ)ℓ¯ℓ)
dq2 d cos θ d(χ/2π) d cos θ∗
=
G2F
(2π)3
(
α|λt|
2π
)2 |p2| q2 βℓ
12m21
W (θ∗, θ, χ),
W (θ∗, θ, χ) =
9
64
(1 + cos2 θ) sin2 θ∗
(H11U +H22U )+ 916 sin2 θ cos2 θ∗ (H11L +H22L )
− 9
32
sin2 θ sin2 θ∗ cos 2χ
(H11T +H22T )+ 932 sin 2θ sin 2θ∗ cosχ (H11I +H22I )
+ βℓ
[
− 9
16
cos θ sin2 θ∗H12P
− 9
16
sin θ sin 2θ∗ cosχ
(H12A +H21A )+ 916 sin θ sin 2θ∗ sinχ (H12II +H21II)
]
− 9
32
sin 2θ sin 2θ∗ sinχ
(H11IA +H22IA)+ 932 sin2 θ sin2 θ∗ sin 2χ (H11IT +H22IT )
+ δℓℓ
{ 9
32
sin2 θ sin2 θ∗H11U −
9
32
(1 + cos2 θ) sin2 θ∗H22U
+
9
8
cos2 θ cos2 θ∗H11L −
9
8
sin2 θ cos2 θ∗H22L
+
9
16
sin2 θ sin2 θ∗ cos 2χ
(H11T +H22T )
− 9
16
sin 2θ sin 2θ∗ cosχ
(H11I +H22I )+ 98 cos2 θ∗H22S
+
9
16
sin 2θ sin 2θ∗ sinχ
(H11IA +H22IA)
− 9
16
sin2 θ sin2 θ∗ sin 2χ
(H11IT +H22IT )}. (46)
The differential angular decay distribution in the Ref. ([26]) is expressed via the transver-
sality amplitudes A⊥, A‖, A0 and At. They are related to our helicity amplitudes as
AL,R⊥ = N
1√
2
[
(H
(1)
+1+1 −H(1)−1−1)∓ (H(2)+1+1 −H(2)−1−1)
]
,
AL,R‖ = N
1√
2
[
(H
(1)
+1+1 +H
(1)
−1−1)∓ (H(2)+1+1 +H(2)−1−1)
]
,
AL,R0 = N
(
H
(1)
00 ∓H(2)00
)
,
At = −2N H(2)0t , (47)
where the overall factor is given by
N =
[1
4
G2F
(2π)3
(
α|λt|
2π
)2 |p2|q2βℓ
12m21
] 1
2
.
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One can check that the four-fold angular distribution in Eq.(46) agrees with those ob-
tained in [26] Eq.(3.1).
The four-body distribution of the cascade decay B0d → K∗ 0(→ Kπ) ℓ+ℓ− is now often
written in the form as given in Ref. [28]
d4Γ
dq2 dcos θ∗ dcos θ dχ
=
9
32π
[
J1s sin
2 θ∗ + J1c cos2 θ∗ + (J2s sin2 θ∗ + J2c cos2 θ∗) cos 2θ
+J3 sin
2 θ∗ sin2 θ cos 2χ+ J4 sin 2θ∗ sin 2θ cosχ+ J5 sin 2θ∗ sin θ cosχ
+(J6s sin
2 θ∗ + J6c cos2 θ∗) cos θ + J7 sin 2θ∗ sin θ sinχ+ J8 sin 2θ∗ sin 2θ sinχ
+J9 sin
2 θ∗ sin2 θ sin 2χ
]
, (48)
where the expressions for the coefficients Ji are written as
J1s =
(2 + β2ℓ )
4
[|AL⊥|2 + |AL‖ |2 + |AR⊥|2 + |AR‖ |2]+ 4m2ℓq2 Re (AL⊥AR⊥∗ + AL‖AR‖ ∗) ,
J1c = |AL0 |2 + |AR0 |2 +
4m2ℓ
q2
[|At|2 + 2Re(AL0AR0 ∗)]+ β2ℓ |AS|2 ,
J2s =
β2ℓ
4
[|AL⊥|2 + |AL‖ |2 + |AR⊥|2 + |AR‖ |2] , J2c = −β2ℓ [|AL0 |2 + |AR0 |2] ,
J3 =
1
2
β2ℓ
[|AL⊥|2 − |AL‖ |2 + |AR⊥|2 − |AR‖ |2] , J4 = 1√
2
β2ℓ
[
Re(AL0A
L
‖
∗
+ AR0 A
R
‖
∗
)
]
,
J5 =
√
2βℓ
[
Re(AL0A
L
⊥
∗ − AR0 AR⊥∗)−
mℓ√
q2
Re(AL‖A
∗
S + A
R
‖
∗
AS)
]
,
J6s = 2βℓ
[
Re(AL‖A
L
⊥
∗ −AR‖ AR⊥∗)
]
, J6c = 4βℓ
mℓ√
q2
Re(AL0A
∗
S + A
R
0
∗
AS) ,
J7 =
√
2βℓ
[
Im(AL0A
L
‖
∗ −AR0 AR‖ ∗) +
mℓ√
q2
Im(AL⊥A
∗
S −AR⊥∗AS))
]
,
J8 =
1√
2
β2ℓ
[
Im(AL0A
L
⊥
∗
+ AR0 A
R
⊥
∗
)
]
, J9 = β
2
ℓ
[
Im(AL‖
∗
AL⊥ + A
R
‖
∗
AR⊥)
]
. (49)
We do not consider here the CP-violating observables and scalar contributions AS ≡ 0.
Following Ref. [28] we choose, first, three natural observables: the differential branching
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fraction dB/dq2, the forward-backward asymmetry AFB and the longitudinal polarization
dΓ
dq2
=
∫
dcos θ dcos θ∗dχ
d4Γ
dq2 dcos θ∗ dcos θ dχ
=
1
4
(3J1c + 6J1s − J2c − 2J2s)
=
G2F
(2π)3
(
α|λt|
2π
)2 |p2| q2 βℓ
12m21
Htot , dB
dq2
=
1
ΓB
dΓ
dq2
, (50)
AFB =
1
dΓ/dq2
 1∫
0
−
0∫
−1
 dcos θ d2Γ
dq2dcos θ
= −3
4
J6s
dΓ/dq2
= −3
4
βℓ
H12P
Htot , (51)
FL = − J2c
dΓ/dq2
=
1
2
β2ℓ
H11L +H22L
Htot . (52)
Then, inspired by Ref. [10], we introduce the various observables integrated over the
relevant kinematic range
〈P1〉bin = 1
2
∫
bin
dq2J3∫
bin
dq2J2s
= −2
∫
bin
dq2 β2ℓ f(q
2)[H11T +H22T ]∫
bin
dq2 β2ℓ f(q
2)[H11U +H22U ]
,
〈P2〉bin = 1
8
∫
bin
dq2J6s∫
bin
dq2J2s
= −
∫
bin
dq2 βℓ f(q
2)H12P∫
bin
dq2 β2ℓ [H11U +H22U ]
,
〈P3〉bin = −1
4
∫
bin
dq2J9∫
bin
dq2J2s
= −
∫
bin
dq2 β2ℓ f(q
2)[H11IT +H22IT ]∫
bin
dq2 β2ℓ f(q
2)[H11U +H22U ]
,
〈P ′4〉bin =
1
Nbin
∫
bin
dq2J4 = 2
∫
bin
dq2 β2ℓ f(q
2)[H11I +H22I ]
Nbin
,
〈P ′5〉bin =
1
2Nbin
∫
bin
dq2J5 = −2
∫
bin
dq2 βℓ f(q
2)[H12A +H21A ]
Nbin
,
〈P ′6〉bin =
−1
2Nbin
∫
bin
dq2J7 = −2
∫
bin
dq2 βℓ f(q
2)[H12II +H21II ]
Nbin
,
〈P ′8〉bin =
−1
Nbin
∫
bin
dq2J8 = +2
∫
bin
dq2 β2ℓ f(q
2)[H11IA +H22IA]
Nbin
, (53)
where the normalization Nbin is defined as
Nbin =
√
− ∫
bin
dq2[J2s] ·
∫
bin
dq2[J2c]
=
√∫
bin
dq2 β2ℓ f(q
2)[H11U +H22U ] ·
∫
bin
dq2 β2ℓ f(q
2)[H11L +H22L ]. (54)
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We also use the phase space factor f(q2) = |p2| q2 βℓ in the numerator and denominator
when calculating the q2-averages.
One should notice that the observables Pi are linked to the full four-fold distribution
Eq. (46), because the corresponding helicity amplitudes (or equivalent Ji coefficients) do
not appear in the single or double differential distributions Eqs. (41) and (40).
VI. NUMERICAL RESULTS
In this section we present the numerical results obtained for various physical observables.
The values of the lepton and meson masses and the B-meson lifetime are taken from Ref. [73].
The SM Wilson coefficients are taken from Ref. [10]. They were computed at the matching
scale µ0 = 2MW and run down to the hadronic scale µb = 4.8 GeV. The evolution of couplings
and current quark masses proceeds analogously. The values of the model independent input
parameters and the Wilson coefficients are listed in Table IV.
TABLE IV: Values of the input parameters and the corresponding values of the Wilson coefficients
used in the numerical calculations.
mW sin
2 θW α(MZ) m¯c m¯b m¯t λt = |V †tsVtb|
80.41 GeV 0.2313 1/128.94 1.27 GeV 4.68 GeV 173.3 GeV 0.041
C1 C2 C3 C4 C5 C6 C
eff
7 C9 C10
−0.2632 1.0111 −0.0055 −0.0806 0.0004 0.0009 −0.2923 4.0749 −4.3085
In Table V we give the numerical values for the total branching ratios and compare them
with available experimental data.
In Figs. 7, 8 and 9 we display our results for the differential decay widths, the forward-
backward asymmetry and the longitudinal polarization for the decay B → K∗ℓ+ℓ− in the
full kinematical region. We also plot unintegrated clean observables Pi in Figs. 10 and 11.
The q2-averages of all polarization observables are given in Table VI.
Finally, we present our results for the binned observables in Tables VII and VIII. The
binning is chosen to match the current experimental data [81–83] and the results from other
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TABLE V: Total branching fractions.
Mode Our Others Expt. [73–75]
B → K∗µ+µ− 12.7 × 10−7 (11.9 ± 3.9) × 10−7 [76] (9.24 ± 0.93(stat)± 0.67(sys))× 10−7
19 × 10−7 [77]
11.5 × 10−7 [78]
14 × 10−7 [79]
B → K∗τ+τ− 1.35 × 10−7 1.9× 10−7 [77] −
1.0× 10−7 [78]
2.2× 10−7 [79]
B → K∗γ 3.74 × 10−5 11.4 × 10−5 [80] (4.21 ± 0.18) × 10−5
4.2× 10−5 [78]
B → K∗νν¯ 1.36 × 10−5 1.5× 10−5 [78] −
B → Kµ+µ− 7.18 × 10−7 5.7× 10−7 [77] (4.29 ± 0.07(stat)± 0.21(sys))× 10−7
(3.5 ± 1.2) × 10−7 [76]
4.4× 10−7 [78]
5× 10−7 [79]
B → Kτ+τ− 3.0× 10−7 1.3× 10−7 [77] −
1.0× 10−7 [78]
1.3× 10−7 [79]
B → Kνν¯ 0.60 × 10−5 0.56 × 10−5 [78] −
theoretical approaches [10].
The q2-integrated predictions and measurements (1− 6GeV2) for branching fraction and
AFB and FL observables stand
Belle [81] LHCb [82] CDF [83] CQM
B × 107 1.49+0.45−0.40 ± 0.12 0.42± 0.06± 0.03 - 2.58
AFB 0.26
+0.27
−0.30 ± 0.07 −0.06+0.13−0.14 ± 0.04 0.29+0.20−0.23 ± 0.07 −0.02
FL 0.67
+0.23
−0.23 ± 0.05 0.55± 0.10± 0.03 0.69+0.19−0.21 ± 0.08 0.75
Considering the outcoming numbers, it is difficult to make a clear statement about the
level of agreement. Clearly, the branching fraction prediction is above both measured values.
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B → K∗ℓ+ℓ−
< AFB > < FL > < P1 > < P2 > < P3 > < P
′
4 > < P
′
5 > < P
′
8 >
µ −0.23 0.47 −0.48 −0.31 0.0015 1.01 −0.49 −0.010
τ −0.18 0.092 −0.74 −0.68 0.00076 1.32 −1.07 −0.0018
TABLE VI: q2–averages of polarization observables over the whole allowed kinematic region.
On the other hand one has to note the discrepancy which exists between the experimental
values themselves and thus a question mark remains on this issue. Concerning the two other
observables, AFB and FL, the model predictions are in agreement with the experiments
(slightly overshooting the FL value for the LHCb experiment), the measurement errors being
however quite important. Basically the same commentary can be made about the results in
other bins. It is probably necessary to wait until the measurement errors shrink so that the
experiments become more constraining.
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FIG. 7: Differential decay widths of the decays B → K∗ℓ+ℓ−.
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TABLE VII: Binned observables B, FL and AFB for B → K∗µ+µ− (CQM - covariant quark
model).
Bin (GeV 2) [81] [82] [83] [10] CQM
B(10−7)
1.00–2.00 − − − 0.437+0.345+0.026−0.148−0.023 0.51
0.00–2.00 1.46+0.40−0.35±0.11 0.61 ± 0.12 ± 0.06 - 1.446+1.537+0.057−0.561−0.054 1.40
2.00–4.30 0.86+0.31−0.27±0.07 0.34 ± 0.09 ± 0.02 - 0.904+0.664+0.061−0.314−0.055 1.13
4.30–8.68 1.37+0.47−0.42±0.39 0.69 ± 0.08 ± 0.05 - 2.674+2.326+0.156−0.973−0.145 2.67
10.09–12.89 2.24+0.44−0.40±0.19 0.55 ± 0.09 ± 0.07 - 2.344+2.814+0.069−1.100−0.063 2.14
14.18–16.00 1.05+0.29−0.26±0.08 0.63 ± 0.11 ± 0.05 - 1.290+2.122+0.013−0.815−0.013 1.39
>16.00 2.04+0.27−0.24±0.16 0.50 ± 0.08 ± 0.05 - 1.450+2.333+0.015−0.922−0.015 1.71
1.00–6.00 1.49+0.45−0.40±0.12 0.42 ± 0.06 ± 0.03 - 2.155+1.646+0.138−0.742−0.123 2.58
AFB
1.00–2.00 − − − −0.212+0.11+0.014−0.144−0.015 −0.15
0.00–2.00 0.47+0.26−0.32±0.03 −0.15± 0.20 ± 0.06 −0.35+0.26−0.23 ± 0.10 −0.136+0.048+0.016−0.045−0.016 −0.12
2.00–4.30 0.37+0.25−0.24 ± 0.10 0.05 +0.16− 0.20 ± 0.04 0.29+0.32−0.35 ± 0.15 −0.081+0.054+0.008−0.068−0.009 −0.0059
4.30–8.68 0.45+0.15−0.21±0.15 0.27 +0.06− 0.08 ± 0.02 0.01+0.20−0.20 ± 0.09 0.220+0.138+0.014−0.112−0.016 0.22
10.09–12.89 0.43+0.18−0.20±0.03 0.27 +0.11− 0.13 ± 0.02 0.38+0.16−0.19 ± 0.09 0.371+0.150+0.010−0.164−0.011 0.36
14.18–16.00 0.70+0.16−0.22±0.10 0.47 +0.06− 0.08 ± 0.03 0.44+0.18−0.21 ± 0.10 0.404+0.199+0.005−0.191−0.005 0.36
>16.00 0.66+0.11−0.16±0.04 0.16 +0.11− 0.13 ± 0.06 0.65+0.17−0.18 ± 0.16 0.360+0.205+0.004−0.172−0.005 0.29
1.00–6.00 0.26+0.27−0.30±0.07 −0.06 +0.13− 0.14 ± 0.04 0.29+0.20−0.23 ± 0.07 −0.035+0.036+0.008−0.033−0.009 0.022
FL
1.00–2.00 − − − 0.605+0.179+0.021−0.229−0.024 0.78
0.00–2.00 0.29+0.21−0.18±0.02 0.00 +0.13− 0.00 ± 0.02 0.30+0.16−0.16 ± 0.02 0.323+0.198+0.019−0.178−0.020 0.54
2.00–4.30 0.71+0.24−0.24±0.05 0.77 ± 0.15 ± 0.03 0.37+0.25−0.24 ± 0.10 0.754+0.128+0.015−0.198−0.018 0.79
4.30–8.68 0.64+0.23−0.24±0.07 0.60 +0.06− 0.07 ± 0.01 0.68+0.15−0.17 ± 0.09 0.634+0.175+0.022−0.216−0.022 0.60
10.09–12.89 0.17+0.17−0.15±0.03 0.41 ± 0.11 ± 0.03 0.47+0.14−0.14 ± 0.03 0.482+0.163+0.014−0.208−0.013 0.42
14.18–16.00 −0.15+0.27−0.23±0.07 0.37 ± 0.09 ± 0.05 0.29+0.14−0.13 ± 0.05 0.396+0.141+0.004−0.241−0.004 0.36
>16.00 0.12+0.15−0.13±0.02 0.26 +0.10− 0.08 ± 0.03 0.20+0.19−0.17 ± 0.05 0.357+0.074+0.003−0.133−0.003 0.34
1.00–6.00 0.67+0.23−0.23±0.05 0.55 ± 0.10 ± 0.03 0.69+0.19−0.21 ± 0.08 0.703+0.149+0.017−0.212−0.019 0.75
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TABLE VIII: Binned clean observables for B → K∗µ+µ− (our numbers (CQM) vs. reference [10]).
Bin (GeV2) [10] CQM [10] CQM
〈P1〉 〈P2〉
1–2 0.007+0.008+0.054−0.005−0.051 −0.0115773 0.399+0.022+0.006−0.023−0.008 0.47
0.1–2 0.007+0.007+0.043−0.004−0.044 0.0108792 0.172
+0.009+0.018
−0.009−0.018 0.22
2.00–4.30 −0.051+0.010+0.045−0.009−0.045 −0.266563 0.234+0.058+0.015−0.085−0.016 0.019
4.30–8.68 −0.117+0.002+0.056−0.002−0.052 −0.372456 −0.407+0.048+0.008−0.037−0.006 −0.37
10.09–12.89 −0.181+0.278+0.032−0.361−0.029 −0.470412 −0.481+0.08+0.003−0.005−0.002 −0.41
14.18–16.00 −0.352+0.696+0.014−0.467−0.015 −0.614669 −0.449+0.136+0.004−0.041−0.004 −0.38
16.00–19 −0.603+0.589+0.009−0.315−0.009 −0.777736 −0.374+0.151+0.004−0.126−0.004 −0.30
1.00–6.00 −0.055+0.009+0.040−0.008−0.042 −0.26338 0.084+0.057+0.019−0.076−0.019 −0.060
〈P3〉 〈P ′4〉
1–2 −0.003+0.001+0.027−0.002−0.024 0.00435836 −0.160+0.040+0.013−0.031−0.013 0.14
0.1–2 −0.002+0.001+0.02−0.001−0.023 0.00159832 −0.342+0.026+0.018−0.019−0.017 −0.15
2.00–4.30 −0.004+0.001+0.022−0.003−0.022 0.00454996 0.569+0.070+0.020−0.059−0.021 0.89
4.30–8.68 −0.001+0.000+0.027−0.001−0.027 0.00224737 1.003+0.014+0.024−0.015−0.029 1.13
10.09–12.89 0.003+0.000+0.014−0.001−0.015 0.00151139 1.082
+0.140+0.014
−0.144−0.017 1.21
14.18–16.00 0.004+0.000+0.002−0.001−0.002 0.00101528 1.161
+0.190+0.007
−0.332−0.007 1.27
16.00–19 0.003+0.001+0.001−0.001−0.001 0.00068909 1.263
+0.119+0.004
−0.248−0.004 1.33
1.00–6.00 −0.003+0.001+0.020−0.002−0.022 0.00355465 0.555+0.065+0.018−0.055−0.019 0.83
〈P ′5〉 〈P ′8〉
1–2 0.387+0.047+0.014−0.063−0.015 0.258474 − −0.039
0.1–2 0.533+0.028+0.017−0.036−0.020 0.495414 − −0.033
2.00–4.30 −0.334+0.095+0.02−0.111−0.019 −0.423802 − −0.026
4.30–8.68 −0.872+0.043+0.03−0.029−0.029 −0.704599 − −0.011
10.09–12.89 −0.893+0.223+0.018−0.110−0.017 −0.697185 − −0.0060
14.18–16.00 −0.779+0.328+0.010−0.363−0.009 −0.600105 − −0.0029
16.00–19 −0.601+0.282+0.008−0.367−0.007 −0.449369 − −0.0015
1.00–6.00 −0.349+0.086+0.019−0.098−0.017 −0.394563 − −0.023
30
0 5 10 15
-0.3
-0.2
-0.1
0.0
0.1
q 2 HGeV2 L
AFBHB®K *Μ+Μ-L
13 14 15 16 17 18 19
-0.20
-0.15
-0.10
-0.05
0.00
q 2 HGeV2 L
AFBHB®K *Τ+Τ-L
FIG. 8: Forward-backward asymmetry for the decays B → K∗ℓ+ℓ−.
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FIG. 9: Longitudinal polarization for the decays B → K∗ℓ+ℓ−.
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FIG. 10: Clean observables P1,2,3 for the decays B → K∗ℓ+ℓ−.
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FIG. 11: Clean observables P ′4,5,8 for the decays B → K∗ℓ+ℓ−.
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VII. SUMMARY
We have performed a detailed analysis of the decay process B → K∗(→ Kπ)ℓ¯ℓ in the
framework of the covariant quark model by using the helicity formalism to analyze the angu-
lar decay distribution. All physical observables have been expressed in terms of the helicity
structure functions with taking into account the effects of the finite lepton masses. We
have found explicit relations between our helicity formalism and the approach based on the
transversality amplitudes which is widely used by both experimentalists and theorists. We
have reported our numerical results on the branching fractions, forward-backward asymme-
try, longitudinal polarization and a set of the so-called “clean” observables Pi which depend
on the hadron uncertaintities (form factors) in a minimal way. Finally, we have compared
the obtained results with available experimental data and the results from other theoretical
approaches.
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